Abstract. Let M be a compact manifold and Diff 
Introduction
Let M be a smooth compact Riemannian manifold with dimension d, and m be a smooth volume measure on M . Without loss of generality, we always assume that m(M ) = 1 in this paper. Denote by Diff r m (M ) the set of C r volume-preserving diffeomorphisms of M endowed with C r topology for r ≥ 1.
Our main result is Theorem 1.1. There is a residual subset R ⊂ Diff 1 m (M ) such that each f ∈ R is a continuity point of the metric entropy map
where h m (g) is the metric entropy of g with respect to volume measure m.
The study of variation of entropy mainly focuses on two issues: the continuity of topological entropies and of metric entropies. In generally, the variation of entropies is not even semicontinuous (e.g., see [7] ). S. Newhouse([9] ) proved that the metric entropy function
is upper semicontinuous for all f ∈ Diff ∞ (M ). In [8] (see also [4] 
and real numbers (the Lypunov exponents at
for every v ∈ E j (x) \ {0} and j = 1, 2, · · · , k(x). In the following, by counting multiplicity, we also rewrite the Lyapunov exponents of m as
For x ∈ O, we denote by
By the definitions, it is obviously that for f, g ∈ Diff
For f ∈ Diff 1 m (M ) and δ > 0, denote by U(f, δ) the set of diffeomorphisms g ∈ Diff 1 m (M ) such that the C 1 distance between g and f is less than δ.
Given a diffeomorphism f , we say Df has a dominated splitting of index i at a point x ∈ M if there are a Df -invariant splitting T orb(x) M = E ⊕ F and a constant N (x) ∈ N such that dim(F ) = i and
We also denote the dominated splitting by E ≺ F .
Let Λ be an f -invariant set and T Λ M = E ⊕ F be a Df -invariant splitting on Λ.
We call
Let us note that the dominated splitting has persistence property ( [3] ). That is, if Λ is an f -invariant set with an N -dominated splitting, then there is a neighborhood U of Λ and a C 1 -neighborhood U of f such that for every g ∈ U, the maximal ginvariant set in the closure of U admits an N -dominated splitting, having the same dimensions of the initial dominated splitting over K.
2.2. C 1 generic properties. We recall three C 1 generic properties which will be used in the proof of Theorem 1.1.
The first is about the relation of Osledec splitting and dominated splitting. The second one is the generic continuity of the Lyapunov spectrum. 
form a residual subset.
The third property is the generic persistence of invariant sets. It says that if f is a generic volume-preserving diffeomorphism, then its measurable invariant sets persist in a certain (measure-theoretic and topological) sense under perturbations of f . 
In fact, Lemma 2.4 is a corollary of Ruelle's inequality and the following result.
on a compact Riemannian manifold with dimension d. Let f preserve an invariant probability µ which is absolutely continuous relative to Lebesgue measure. For µ-a.e.
x ∈ M , denote by
the Lyapunov exponents at x. Let N (·) : M → N be an f -invariant measurable function. If for µ-a.e. x ∈ M , there is a N (x)-dominated splitting:
3. Proof of Theorem 1.1
Proof of Theorem 1.1. We will prove the Theorem by two steps. In step 1, we first prove that there is a residual subset R 1 ⊂ Diff 1 m (M ) such that the entropy map E is upper-semicontinuous at each f ∈ R 1 . In step 2, it will be proved that the set of lower-semicontinuous points of E contains a residual set R 2 ⊂ Diff 1 m (M ). Setting R = R 1 ∩ R 2 , we complete the proof of Theorem 1.1.
Step 1. Let R 1 ⊂ Diff 1 m (M ) satisfying Lemma 2.2 and Lemma 2.4. In this step, we will prove that, for any f ∈ R 1 , lim sup
In fact, by Lemma 2.4,
So, by the well known Ruelle's inequality
and (2.1), we have that for ∀g ∈ U(f, δ),
Combining with Lemma 2.2, we proved the upper-semicontinuiation.
Step 2. Let R 2 ⊂ R 1 which satisfies Lemma 2.1 and Lemma 2.3. We will prove that the entropy map E is lower-semicontinus at each f ∈ R 2 . That is, for any f ∈ R 2 and ε > 0, there are positive numbers δ and D such that
here D is only dependent on d and D f .
If the Oseledec splitting of f is trivial on Lebesgue almost every point, then
. This means that the metric entropy map is lower semicontinuous at f . So, in the following, we always assume that the Oseledec splitting of f is not trivial.
Claim 1. For any ε > 0, there is δ 1 > 0 such that for any g ∈ U(f, δ 1 ) and
Proof of Claim 1. For any ε > 0 and i = 1, 2, · · · , n, there is k(i) > 0 such that
2, there is δ 1 > 0 such that for any g ∈ U(f, δ 1 ) and any i,
Then we have
This is a contradiction.
Claim 2. For any ε > 0, there is δ 2 > 0 such that for any g ∈ U(f, δ 2 ) and any
there is a N -dominated splitting of index i;
Proof of Claim 2. By Lemma 2.1, there is a N (x)-dominated splitting of index i at each x ∈ M i (f ), for any ε > 0, there are N ∈ N and an f -invariant subset
and there is a N -dominated splitting of index i at each x ∈M i (f ).
By the persistence property of dominated splitting and Lemma 2.3, for any ε > 0, there is δ 2 > 0 such that for any g ∈ U(f, δ 2 ) there is g-invariant setM i (g) closing
By (2) of Claim 2 and (3.3), for any g ∈ U(f, δ 2 ) and any i = j, we have
Furthermore, notingM
by Claim 1 and Claim 2, we have λ j (x, g)dm
Then by (3.7), (3.8) and Lemma 2.5,
